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CHAPTER II:VECTORS 

Vectors are a relatively new arrival to the world of mathematics, dating only from the 19th century. They 

provide us with some elegant and powerful techniques for computing angles between lines and the 

orientation of surfaces. They also provide a coherent framework for computing the behaviour of dynamic 

objects in computer animation and illumination models in rendering. We often employ a single number to 

represent quantities that we use in our daily lives such as, height, age, shoe size, waist and chest 

measurements. The magnitude of this number depends on our age and whether we use metric or 

imperial units. Such quantities are called scalars. In computer graphics scalar quantities 

include colour, height, width, depth, brightness, number of frames, etc. On the other hand, there 

are some things that require more than one number to represent them: wind, force, weight, velocity 

and sound are just a few examples. These cannot be represented accurately by a single number. For 

example, any sailor knows that wind has a magnitude and a direction. The force we use to lift an object 

also has a value and a direction. Similarly, the velocity of a moving object is measured in terms of its 

speed (e.g. miles per hour) and a direction such as north-west. Sound, too, has intensity and a direction. 

These quantities are called vectors. In computer graphics, vectors are generally made of two or three 

numbers, and this is the only type we will consider in this chapter. Mathematicians such as Caspar Wessel 

(1745–1818), Jean Argand (1768– 1822) and John Warren (1796–1852) were simultaneously exploring 

complex numbers and their graphical representation. In 1837, Sir William Rowan Hamilton (1788–1856) 

made his breakthrough with quaternions. In 1853, Hamilton published his book Lectures on Quaternions in 

which he described terms such as vector, transvector and provector. Hamilton’s work was not widely 

accepted until 1881, when the American mathematician Josiah Gibbs (1839–1903) published his treatise 

Vector Analysis, describing modern vector analysis. 6.1 2D Vectors In computer graphics we employ 2D 

and 3D vectors. In this chapter we first consider vector notation in a 2D context and then extrapolate the 

ideas into 3D. 6.1.1 Vector Notation A scalar such as x is just a name for a single numeric quantity. 

However, because a vector contains two or more numbers, its symbolic name is printed using a bold font 

to distinguish it from a scalar variable. Examples are n, i and Q. When a scalar variable is assigned a value 

we employ the standard algebraic notation x = 3 However, when a vector is assigned its numeric values, 

the following notation is used:  

which is called a column vector. The numbers 3 and 4 are called the components of n, and their position 

within the brackets is significant. A row vector transposes the components horizontally, n = [3 4]T where 

the superscriptT reminds us of the transposition. 6.1.2 Graphical Representation of Vectors Because 

vectors have to encode direction as well as magnitude, an arrow could be used to indicate direction and a 

number to specify magnitude. Such a scheme is often used in weather maps. Although this is a useful 

graphical interpretation for such data, it is not practical for algebraic manipulation. Cartesian coordinates 

provide an excellent mechanism for visualizing vectors and allowing them to be incorporated within the 

classical framework of mathematics. Figure 6.1 shows a vector represented by a short line segment. The 

length of the line represents the vector’s magnitude, and the orientation defines its direction. But as you 

can see from the figure, the line does not have a direction. Even if we attach an arrowhead to the line, 

which is standard practice for annotating vectors in books and scientific papers, the arrowhead has no 

mathematical reality. 

Graphical Representation of Vectors :Because vectors have to encode direction as well as magnitude, 

an arrow could be used to indicate direction and a number to specify magnitude. Such a scheme is often 

used in weather maps. Although this is a useful graphical interpretation for such data, it is not practical for 

algebraic manipulation. Cartesian coordinates provide an excellent mechanism for visualizing vectors and 

allowing them to be incorporated within the classical framework of mathematics. Figure 6.1 shows a 

vector represented by a short line segment. The length of the line represents the vector’s magnitude, and 

the orientation defines its direction. But as you can see from the figure, the line does not have a direction. 

Even if we attach an arrowhead to the line, which is standard practice for annotating vectors in books and 

scientific papers, the arrowhead has no mathematical reality. 
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Fig. 6.1. A vector represented by a short line segment. However, although the vector has magnitude, it 

does not have direction. 

 
Fig. 6.2. Two vectors r and s have the same magnitude and opposite directions. 

The line’s direction can be determined by first identifying the vector’s tail and then measuring its components along the 

x - and y-axes. For example, in Figure 6.2 the vector r has its tail defined by (x1, y1) = (1, 2) and its head by (x2, y2) = (2, 

3). Vector s, on the other hand, has its tail defined by (x3, y3) = (2, 2) and its head by (x4, y4) = (1, 1). The x - and y-

components for r are computed as follows: 

xr = (x2 − x1) yr = (y2 − y1) xr = 2 − 1=1 yr = 3 − 2=1 whereas the components for s are computed as 

follows: xs = (x4 − x3) ys = (y4 − y3) xs = 1 − 2 = −1 ys = 1 − 2 = −1 xs = −1 ys = −1 It is the 

negative values of xs and ys that encode the vector’s direction. In general, given that the coordinates of a 

vector’s head and tail are (xh, yh) and 

 

Fig. 6.3. Eight vectors, whose coordinates are shown in Table 6.1. 
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(xt, yt) respectively, its components ∆x and ∆y are given by ∆x = (xh − xt) ∆y = (yh − yt) (6.1) One can 

readily see from this notation that a vector does not have a unique position in space. It does not matter 

where we place a vector: so long as we preserve its length and orientation, its components will not alter. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

Magnitude of a Vector: 

 The magnitude of a vector r is expressed by  and is computed by applying the theorem of 

Pythagoras to its components:  

To illustrate these ideas, consider a vector defined by (xh, yh) = (3, 4) and (xt, yt) = (1, 1). The x - and 

y-components are 2 and 3 respectively. Therefore its magnitude is equal to  Figure 6.3 

shows various vectors, and their properties are listed in Table 6.1. 

6.2 3D Vectors The above vector examples are in 2D, but it is extremely simple to extend this notation to 

embrace an extra dimension. Figure 6.4 shows a 3D vector r with its head, tail, components and 

magnitude annotated. The components and magnitude are given by ∆x = (xh − xt) (6.3) 

 

 
Fig. 6.4. The 3D vector has components ∆x, ∆y, ∆z, which are the differences between the head and tail 

coordinates. 

 
As 3D vectors play a very important part in computer animation, all future examples will be three-

dimensional. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 
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 6.2.1 Vector Manipulation As vectors are different from scalars, a set of rules has been developed to 

control how the two mathematical entities interact with one another. For instance, we need to consider 

vector addition, subtraction and multiplication, and how a vector can be modified by a scalar. Let’s begin 

with multiplying a vector by a scalar. 

6.2.2 Multiplying a Vector by a Scalar Given a vector n, 2n means that the vector’s components are 

doubled. For example, if which seems logical. Similarly, if we 

divide n by 2, its components are halved. Note that the vector’s direction remains unchanged – only its 

magnitude changes. It is meaningless to consider the addition of a scalar to a vector such as n+ 2, for it is 

not obvious which component of n is to be increased by 2. If all the components of n have to be increased 

by 2, then we simply add another vector whose components equal 2. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.3 Vector Addition and Subtraction  

Given vectors r and s, r ± s is define as 

 

Vector addition is commutative: 

 
However, like scalar subtraction, vector subtraction is not commutative: 

 
Let’s illustrate vector addition and subtraction with two examples. Figure 6.5 shows the graphical 

interpretation of adding two vectors r and s. Note that the tail of vector s is attached to the head of vector 

r. The resultant vector t = r + s is defined by adding the corresponding components of r and s together. 

Figure 6.6 shows a graphical interpretation for r − s. This time the components of vector s are reversed to 

produce an equal and opposite vector. Then it is attached to r and added as described above. 

 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 
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6.2.4 Position Vectors Given any point P(x, y, z ), a position vector p can be created by assuming that P 

is the vector’s head and the origin is its tail. Because the tail coordinates are (0, 0, 0) the vector’s 

components are x, y, z. Consequently, the vector’s magnitude ||p|| equals . For example, 

the point P(4, 5, 6) creates a position vector p relative to the origin: 

 
We will see how position vectors are used in Chapter 8 when we consider analytical geometry. 6.2.5 Unit 

Vectors By definition, a unit vector has a magnitude of 1. A simple example is i where 

 
Unit vectors are extremely useful when we come to vector multiplication. As we shall discover later, 

multiplication of vectors involves taking their magnitude, and if this is unity, the multiplication is greatly 

simplified. Furthermore, in computer graphics applications vectors are used to specify the orientation of 

surfaces, the direction of light sources and the virtual camera. Again, if these vectors have a unit length, 

the computation time associated with vector operations can be minimized. Converting a vector into a unit 

form is called normalizing and is achieved by dividing a vector’s components by its magnitude. To 

formalize this process, consider a vector r whose components are x, y, z. The magnitude ||r|| =

 

 

This process can be confirmed by showing that the magnitude of ru is 1: 

 

To put this into context, consider the conversion of r into a unit form: 

 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.6 Cartesian Vectors Now that we have considered the scalar multiplication of vectors, vector 

addition and unit vectors, we can combine all three to permit the algebraic manipulation of vectors. To 
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begin with, we will define three Cartesian unit vectors i, j, k that are aligned with the x -, y- and z -axes 

respectively:  

Therefore any vector aligned with the x-, y- or z -axes can be defined by a scalar multiple of the unit 

vectors i, j and k respectively. For example, a vector 10 6 Vectors 39 units long aligned with the x -axis is 

simply 10i, and a vector 20 units long aligned with the z -axis is 20k. By employing the rules of vector 

addition and subtraction, we can compose a vector r by adding three Cartesian vectors as follows 

Therefore any vector aligned with the x-, y- or z -axes can be defined by a scalar multiple of the unit 

vectors i, j and k respectively. For example, a vector 10 6 Vectors 39 units long aligned with the x -axis is 

simply 10i, and a vector 20 units long aligned with the z -axis is 20k. By employing the rules of vector 

addition and subtraction, we can compose a vector r by adding three Cartesian vectors as follows: r = ai + 

bj + ck (6.12) 

This is equivalent to writing r as 

 

which means that the magnitude of r is readily computed as 

 

Any pair of Cartesian vectors such as r and s can be combined as follows: 

 

For example, given 

 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.7 Vector Multiplication :Although vector addition and subtraction are useful in resolving various problems, vector 

multiplication provides some powerful ways of computing angles and surface orientations. The multiplication of two 

scalars is very familiar: for example, 6×7 or 7× 6 = 42. We often visualize this operation, as a rectangular area where 6 

and 7 are the dimensions of a rectangle’s sides, and 42 is the area. However, when we consider the multiplication of 

vectors we are basically multiplying two 3D lines together, which is not an easy operation to visualize. Mathematicians 

have discovered that there are two ways to multiply vectors together: one gives rise to a scalar result and the other a 

vector result. We will start with the scalar product. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.8 Scalar Product We could multiply two vectors r and s by using the product of their magnitudes: 

||r|| · ||s||. Although this is a valid operation, it does not get us anywhere because it ignores the 

orientation of the vectors, which is one of their important features. The concept, however, is readily 

developed into a useful operation by including the angle between the vectors. Figure 6.7 shows two 

vectors r and s that have been drawn, for convenience, such that their tails touch. Taking s as the 
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reference vector, which is an arbitrary choice, we compute the projection of r on s, which takes into 

account their relative orientation. The length of r on s is ||r|| cos(β). We can now multiply the magnitude 

of s by the projected length of r : ||s||·||r|| cos(β). This scalar product is written s · r 

s · r = ||s|| · ||r|| cos(β) (6.18) The dot symbol ‘·’ is used to represent scalar multiplication, to distinguish 

it from the vector product, which, we will discover, employs a ‘×’ symbol. Because of this symbol, the 

scalar product is often referred to as the dot product. So far we have only defined what we mean by the 

dot product. We now need to find out how to compute it. Fortunately, everything is in place to perform 

this task. To begin with, we define two Cartesian vectors r and s, and proceed to multiply them together 

using the dot product definition:

 

 

 
Before we proceed any further, we can see that we have created various dot product terms such as (i · i), 

(j · j), (k · k), etc. These terms can be divided into two groups: those that involve the same unit vector, 

and those that reference different unit vectors. Using the definition of the dot product, terms such as (i · 

i), (j · j) and (k · k) = 1, because the angle between i and i, j and j, or k and k is 0◦; and cos(0◦) = 1. But 

because the other vector combinations are separated by 90◦, and cos(90◦) = 0, all remaining terms 

collapse to zero. Bearing in mind that the magnitude of a unit vector is 1, we can write  

||s|| · ||r|| cos(β) = ad + be + cf (6.22) 

 This result confirms that the dot product is indeed a scalar quantity. Now let’s see how it works in 

practice. 6.2.9 Example of the Dot Product To find the angle between two vectors r and s, 

 

6.2.9 Example of the Dot Product To find the angle between two vectors r and s, 
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The angle between the two vectors is 62.1◦. It is worth pointing out at this stage that the angle returned 

by the dot product ranges between 0◦ and 180◦. This is because, as the angle between two vectors 

increases beyond 180◦, the returned angle β is always the smallest angle associated with the geometry. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.10 The Dot Product in Lighting Calculations Lambert’s law states that the intensity of 

illumination on a diffuse surface is proportional to the cosine of the angle between the surface normal 

vector and the light source direction. This arrangement is shown in Figure 6.8. The light source is located 

at (20, 20, 40) and the illuminated point is (0, 10, 0). In this situation we are interested in calculating 

cos(β), which when multiplied by the light source intensity gives the incident light intensity on the surface. 

To begin with, we are given the normal vector n to the surface. In this case n is a unit vector, and its 

magnitude   
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Therefore the light intensity at the point (0, 10, 0) is 0.218 of the original light intensity at (20, 20, 40). 

This does not take into account the attenuation due to the inverse-square law of light propagation. 

 
Fig. 6.8. Lambert’s law states that the intensity of illumination on a diffuse surface is proportional to the 

cosine of the angle between the surface normal vector and the light source direction. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.11 The Dot Product in Back-Face Detection A standard way of identifying back-facing polygons 

relative to the virtual camera is to compute the angle between the polygon’s surface normal and the line 

of sight between the camera and the polygon. If this angle is less than 90◦ the polygon is visible; if it is 

equal to or greater than 90◦ the polygon is invisible. This geometry is shown in Figure 6.9. Although it is 

obvious from Figure 6.9 that the right-hand polygon is invisible to the camera, let’s prove algebraically 

that this is so. Let the camera be located at (0,0,0) and the polygon’s vertex is (10, 10, 40). The normal 

vector is [5 5 − 2]T 
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Fig. 6.9. The angle between the surface normal and the camera’s line of sight determines the polygon’s visibility. 

---------------------------------------------------------------------------------------------------------------------------------------------------------------- 

6.2.12 The Vector Product As mentioned above, there are two ways to obtain the product of two 

vectors. The first is the scalar product, and the second is the vector product, which is also called the cross 

product because of the ‘×’ symbol used in its notation. It is based on the definition that two vectors r and 

s can be multiplied together to produce a third vector t: r × s = t (6.23) where ||t|| = ||r|| · ||s||sin(β), 

and β is the angle between r and s. We will discover that the vector t is normal (90◦) to the plane 

containing the vectors r and s. This makes it an ideal way of computing the surface normal to a polygon. 

Once again, let’s define two vectors and proceed to multiply them together: 

 
As we found with the dot product, there are two groups of vector terms: those that reference the same 

unit vector, and those that reference two different unit vectors. Using the definition for the cross product, 

operations such as (i×i), (j×j) and (k × k) result in a vector whose magnitude is 0. This is because the 

angle between the vectors is 0◦, and sin(0◦) = 0. Consequently these terms disappear and we are left with 

 
The mathematician Sir William Rowan Hamilton struggled for many years when working on quaternions to 

resolve the meaning of the above result. What did the products mean? He assumed that i×j = k,j×k = i 

and k×i = j, but he also thought that j × i = k, k × j = i and i × k = j. But this did not work! One day in 

1843, when he was out walking, thinking about this problem, he thought the impossible: i × j = k, but j × 

i = −k,j × k = i, but k × j = −i, and k×i = j, but i×k = −j. To his surprise, this worked, but it contradicted 

the commutative multiplication law of scalars where 6 × 7=7 × 6. We now accept that vectors do not 

obey all the rules of scalars, which is an interesting result. Proceeding, then, with Hamilton’s rules, we 

reduce the cross product terms of (6.27) to  

 
We now modify the middle term to create a symmetric result: 
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If this is written in determinant form we get  

 
where the determinants provide the scalar for each unit vector. We will discover later that the determinant 

of a 2 × 2 matrix is the difference between the products of the diagonal terms. 

Although it may not be obvious, there is a simple elegance to this result, 

which enables the cross product to be calculated very quickly. To derive the cross product we write the 

vectors in the correct sequence. Remember that 

r × s does not equal s × r. First take r × s: 

 
The scalar multiplier for i is (bf − ec). This is found by ignoring the i components and looking at the scalar 

multipliers of j and k. 

The scalar multiplier for −j is (af − dc). This is found by ignoring the j components and looking at the i and 

k scalars. 

The scalar multiplier for k is (ae − db). This is found by ignoring the k components and looking at the i and 

j scalars. 

Let’s illustrate this with some examples. First we confirm that the vector product works with the unit 

vectors, i, j and k. 

Therefore 

 
Let’s now consider two vectors r and s and compute the normal vector t. 

The vectors will be chosen so that we can anticipate approximately the answer. 

Figure 6.10 shows the vectors r and s and the normal vector t. Table 6.2 

contains the coordinates of the vertices forming the two vectors. 
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This confirms what we expected from Figure 6.10. Let’s now reverse the vectors 

to illustrate the importance of vector sequence: 

s = −i + k 

r = −i + j 

 

 
s × r = (0 × 0 − 1 × 1)i − (−1 × 0 − (−1) × 1)j 

+(−1 × 1 − (−1) × 0)k 

= −i − j − k 

which is in the opposite direction to r × s. 
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6.2.13 The Right-Hand Rule 

The right-hand rule is an aide m´emoire for working out the orientation of the cross product vector. Given 

the operation r × s, if the right-hand thumb is aligned with r, the first finger with s, and the middle finger 

points in the direction of t. 

6.3 Deriving a Unit Normal Vector for a Triangle 

Figure 6.11 shows a triangle with vertices defined in an anti-clockwise sequence from its visible side. This 

is the side we want the surface normal to point upwards. Using the following information we will compute 

the surface normal using the cross product and then convert it to a unit normal vector. 

Create vector r between v1 and v3, and vector s between v2 and v3: 

 
The unit vector tu can now be used in illumination calculations, and as it has unit length, dot product 

calculations are simplified. 
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---------------------------------------------------------------------------------------------------------------- 

6.4 Areas 

Before we leave the cross product let’s investigate the physical meaning of 

||r|| · ||s|| sin(β). Figure 6.12 shows two 2D vectors, r and s. The height h = 

||s|| sin(β), therefore the area of the parallelogram is 

||r||h = ||r|| · ||s|| sin(β) (6.32) 

But this is the magnitude of the cross product vector t. Thus when we calculate 

r×s, the length of the normal vector t equals the area of the parallelogram 

formed by r and s. Which means that the triangle formed by halving the parallelogram 

is half the area. 

area of parallelogram = ||t|| (6.33) 

area of triangle = 

1 

2 

||t|| (6.34) 

This means that it is a relatively easy exercise to calculate the surface area of an object constructed from 

triangles or parallelograms. In the case of a triangulated surface, we simply sum the magnitudes of the 

normals and halve the result. 

------------------------------------------------------------------------------------------------------------------ 

6.4.1 Calculating 2D Areas 

Figure 6.13 shows three vertices of a triangle P0(x0, y0), P1(x1, y1) and P2(x2, y2) formed in an anti-

clockwise sequence. We can imagine that the triangle exists on the z = 0 plane, therefore the z-

coordinates are zero. 
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Fig. 6.13. The area of the triangle formed by the vectors r and s is half the magnitude 

of their cross product. 

The vectors r and s are computed as follows: 

 

 


